
Appendix D

Dynamic programming

D.1 The problem

Dynamic programming is an approach that allows systems of the form shown in figureD.1 to be opti-
mized (for example this could be an unfolded dynamic control system). Dynamic programming selects
the variablesx1 . . . xn to minimize (or, with trivial modifications, maximize) the cost function

C =
n∑
i=1

ci (D.1)

where

yi+1 = Ti(xi, yi) (D.2)

ci = fi(xi, yi) (D.3)

Usually eithery1 or yn+1 is known beforehand. Note that thexi andyi can be scalars or vectors, and the
ci values are scalars.
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Figure D.1: A system that can be optimized by dynamic programming.
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D.2 The solution

The system is decomposed using “Bellman’s principle of optimality”. This principle states that “an
optimal solution is made up of optimal sub-solutions”. This means that, if the variablesxk · · ·xn have
been selected (withyk fixed) to optimize the cost

∑n
i=k ci, then the variablesxk+1 · · ·xn (with yk+1

keeping its same value) will be guaranteed to optimize the cost
∑n
i=k+1 ci. This principle is implemented

by defining the functionsp andq:

• pi(yi) is the value ofxi that is required for the givenyi to produce an optimal cost (ci + · · ·+ cn),
assuming that the variablesxi+1 · · ·xn are chosen optimally.

• qi(yi) is the costci + · · ·+ cn for the givenyi, assuming thatxi · · ·xn are chosen optimally.

Dynamic programming solves the problem backwards using recurrence relations. That is, givenpi+1(yi+1)
andqi+1(yi+1), pi(yi) can be determined as the value ofxi that minimizesci plus the optimum subse-
quent costqi+1(yi+1). The minimum cost1 that is found isqi(yi). Thus:

pi(yi) = min(xi)

[
fi(xi, yi) + qi+1(Ti(xi, yi))

]
(D.4)

qi(yi) = fi(pi(yi), yi) + qi+1(Ti(pi(yi), yi)) (D.5)

To use these recurrence relations, first defineqn+1(yn+1). A backwards pass is made fori = n · · · 1:
first pi(yi) is computed and thenqi(yi) is computed. Then a forward pass is made fori = 1 · · ·n:
first xi = pi(yi) is computed and thenyi+1 = T (xi, yi) is computed. When the functionsp andq are
computed, what is actually calculated is a set of parameters that determine the functions. What these
parameters actually represent will depend on the problem being solved. Thep(·) parameters are needed
on the forward pass, so they must be saved by the backwards pass. Theq(·) parameters are not needed
on the forward pass, so their storage can be re-used on the backwards pass.

D.3 A linear controller example

The above principles will now be applied to find the optimal control inputs for a simple discrete-time
linear control system:

yi+1 = Ayi +Bxi (D.6)

ci = (Cyi − di)2 +Dx2
i (D.7)

whereyi is theny × 1 system state vector,xi is the (scalar) control force input anddi is the desired
(scalar) value for an element ofyi at each time step. The control goal specified by the cost function is to
get an element ofyi to follow the referencedi without making the control effortxi too large.A andB
are the system matrices,C is a1× ny vector that selects an element ofy, andD is a scalar constant that
quantifies the relative importance of minimizing|xi|. Define

qn+1 = (Cyn+1 − dn+1)2 (D.8)

and assume that the functionq has the form

qi(yi) = yTi Ei yi + Fi yi (D.9)

1Note that min(x) f(x) is defined to be the value ofx that minimizesf(x).
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whereEi is any × ny matrix andFi is a1× ny vector. Thus:

pi(yi) = min(xi)

[
fi(xi,yi) + qi+1(Ti(xi,yi))

]
(D.10)

= min(xi)

[
(Cyi − di)2 +Dx2

i + (D.11)

(Ayi +Bxi)TEi+1(Ayi +Bxi) + Fi+1(Ayi +Bxi)
]

= Qi+1yi +Ri+1 (D.12)

where

Qi =
−BTEiA

D +BTEiB
(D.13)

Ri = − FiB

2(D +BTEiB)
(D.14)

Now,

qi(yi) = fi(pi(yi),yi) + qi+1(Ti(pi(yi),yi)) (D.15)

= (Cyi − di)2 +D(Qi+1yi +Ri+1)2 + (D.16)

(Ayi +B(Qi+1yi +Ri+1))TEi+1(Ayi +B(Qi+1yi +Ri+1)) +
Fi+1(Ayi +B(Qi+1yi +Ri+1))

= yTi Eiyi + Fiyi (D.17)

where

Ei = CTC +DQTi+1Qi+1 + ((A+BQi+1)TEi+1(A+BQi+1)) (D.18)

Fi = −2diC + 2DRi+1Qi+1 + ((A+BQi+1)TEi+1(BRi+1))T + (D.19)

((BRi+1)TEi+1(A+BQi+1)) + Fi+1A+ Fi+1BQi+1

Thus the algorithm for computing the optimal control strategy is:

• SetEn+1 = CTC andFn+1 = 2dn+1C.

• For i = n · · · 1:

– SetQi+1 andRi+1 according to equationD.13and equationD.14.

– SetEi andFi according to equationD.18and equationD.19.

• For i = 1 · · ·n:

– Setxi = Qi+1yi +Ri+1

– Computeyi+1 from equationD.6.

Despite the simplicity and power of the dynamic programming approach, it is not practical to directly
implement it in a real controller. It is not an on-line algorithm because it requires a backwards pass
before the control inputs can be computed. Also, it requires exact knowledge of the system dynamics
(the matricesA andB).
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